The normal structure of t-designs  by Lane, Richard N
JOURNAL OF COMBINATORIAL THEORY 10, 97-105 (1971) 
The Normal Structure of t-designs 
RICHARD N. LANE 
Systems Applications, Inc., Beverly Hills, California 90212 
Communicated by Marshalf Half, Jr. 
Received February 7, 1969 
Combinatorial configurations known as t-designs are currently of 
great interest in combinatorial analysis. Here a t-design is defined to be 
a pair T = (B, II), where fl is any finite set, and B is a set of subsets of n, 
with the two properties: 
(1) Each element of B contains k elements of II for some fixed integer k. 
(2) Each set of t elements of Z7 lies in h elements of B for some fixed 
integer h > 0. 
The elements of I7 are called “points,” and the elements of B are called 
“blocks.” For t = 2, a t-design is a balanced incomplete block design, 
the subject of much study. The most important parameters of a t-design 
are consistently called b, v, r, k, A, where b is the number of blocks, v is 
the number of points, r is the number of blocks in which each point 
occurs, and k and h are the numbers referred to in (1) and (2). 
Much of the research accomplished in t-designs to this date has been 
directed toward questions of existence and construction of t-designs with 
various parameters, and to a lesser degree toward the various groups that 
arise as automorphism groups of t-designs. Here we are concerned with 
some internal structures of t-designs and their relations with automorphism 
groups. We outline a theory of decompositions of t-designs into normal 
subdesigns and quotient designs, which is in many ways analogous to 
the theory of normal subgroups and quotient groups of groups. The 
results are developed via “regular block homomorphisms” from one 
t-design onto another, which are mappings of designs which preserve 
incidence and also have the property that the inverse image of any block 
in the image design is the set of blocks of a subdesign of the range design. 
For a fixed regular block homomorphism, the set of subdesigns that arise 
in this manner have disjoint block sets which exhaust the block set of the 
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range design, and this property is used to define a set of normal subdesigns. 
Given a set of normal subdesigns, the point sets of the normal subdesigns 
form the blocks of another t-design on the same points, called the quotient 
design. It is then shown that every regular block homomorphic image of 
a t-design is the quotient design produced from the set of normal sub- 
designs that arise as inverse images under the homomorphism. Simple 
designs are defined as t-designs with no non-trivial normal subdesigns, 
and the results allow the construction of “composition series” for a 
t-design, the concepts again being entirely analogous to those of group 
theory. The hypotheses can be weakened to produce quasi-normal 
subdesigns, and there are strongly simple t-designs, which have no quasi- 
normal subdesigns. These also play a role in the construction of compo- 
sition series for a t-design. Some examples of the application of the theory 
are given, including two 2-designs with identical parameters, each having 
a doubly transitive automorphism group (on points), yet which are non- 
isomorphic because one has a normal subdesign and the other is simple. 
The notations used are essentially standard: sets are represented by 
capital Greek letters, functions by lower case Greek letters, points by 
numerals or lower case Latin letters. Structures, such as designs, are 
represented by capital Latin letters. 
1. HOMOMORPHISMS OF t-DESIGNS 
Let Tr , T, be two t-designs. 
DEFINITION 1.1. A mapping 01 : fl( Tr) + D(T,) and B(T,) -+ B(T,) 
of the points and blocks of a t-design Tl into the points and blocks, 
respectively, of a t-design T2 is called a homomorphism if whenever a is 
a point of the block Q, of Tl , then a(a) is a point of the block a(@) of T, . 
This definition appears to be too broad to be of any practical use at 
this time. Of more interest are block homomorphisms and regular block 
homomorphisms: 
DEFINITION 1.2. A homomorphism 01 from Tl into T, is called a 
block homomorphism if (1) u(T,) = v(T,), (2) c~(fl(T,)) = Ll(T,), and 
(3) 4&T3) = W”,). 
In short, a homomorphism is a block homomorphism if it is l-1 onto 
for points and onto for blocks. Under these conditions, we may rewrite 
the blocks of T2 using the poins of Tl , so that 01 is in fact the identity map 
on the points. From now on, we assume that this has been done, so that 
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II = fl(Y’,) and a(a) = a for any point a of TI . Tl and T, are then 
t-designs on the same set of points, and it follows directly from 
Definition 1.1 that the blocks of T2 are set unions of blocks of Tl . 
DEFINITION 1.3. A block homomorphism Q from Tl onto T2 is called 
regular if for each r-set A C n(T,) and each two blocks @I , Q2 of T2 
which contain A, the sets a-‘(QI), OL-~(@J contain the same number of 
blocks containing A. 
An extremely important class of regular block homomorphisms is the 
block homomorphisms mapping t-designs onto other t-designs with 
h = 1. In these cases the condition of Definition 1.3 is satisfied vacuously. 
However, to characterize regular block homomorphisms fully, we have 
PROPOSITION 1.4. Let 01 : Tl -+ Tz be a regular block homomorphism, 
and let QO be a block of T, . Then (c’(@,J, QO) is a subdesign of Tl with 
parameters: 
b = W,YWT,)> tl = k(T,), r = rUl)/rU’d 
k = k(T,), X = ~(TdIW’,). 
Conversely, suppose oi : Tl ---f T, is a block homomorphism and there 
exists an integer X’ = h’(a) such that, for any block @ E B(T,), (E-‘(Q), @) 
is a sub-t-design of Tl with h = X’. Then 01 is regular. 
Proof. Since a: is a block homomorphism, each point of each block 
in c’(@,,) lies on @, , hence &(@J is a set of k(T,)-sets from di, . Let A 
be a t-set from @,, , and let Q1 , Qp, ,..., QS (where s = X(T,) - 1) be the 
other blocks of T, containing A. The sets a-‘(@J are pairwise disjoint, 
since 01 is a function; and since (Y is regular, each set o+(@J contains 
equally many blocks containing A. But then this number of blocks can 
only be WIYW’J, h ence there are A(T,)/h(T,) blocks in a-l(@,,) con- 
taining A, and (v’(@&, GO) is a subdesign of T. Calculation or the other 
parameters proceeds identically. 
For the converse, let A be any t-set of II and suppose A C @,, , 
A c @I , where Cp, and O1 are blocks of T2 . By hypothesis, (a-l(@,J, QO) 
and ~oi-l(@,), 01) are subdesigns of Tl with X = h’ for each, i.e., there 
are h’ blocks in w’(@,,) which contain A, also x’ blocks in ol-l(G1) which 
contain A, and 01 is then regular. 
Note that here the subdesigns of Tl of the form (a-l(@)>, @) (where @ 
runs over the set of blocks of T2) comprise a set of subdesigns with the 
same parameters U, k, X, whose block sets partition B(T,). 
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DEFINITION 1.5. A subdesign T’ of a t-design T is called quasi-complete 
if B(T) C B(T) and 17(T) C II(T). Two subdesigns of a t-design are 
called codesigns if they have the same parameters u, k, A. 
A quasi-complete subdesign T’ of T is called quasi-normal if there is a 
set of codesigns including T’ whose block sets partition B(T), and denoted 
by T’ 2 T. A quasi-complete subdesign T’ of T is called complete if 
A(T) = h(T). A quasi-normal subdesign T’ of T is called normal if 
h(T) = X(T), and denoted by T’ CI T. 
Thus Proposition 1.4 merely states that a block homomorphism 
CL : TI + T, is regular if and only if (c’(@), CD) is a quasi-normal sub- 
design of TI for every @ E B(T,). The set of codesigns 
constructed here is called the kernel of 01. 
COROLLARY 1.6. If iy. : TI -+ T, is a block homomorphism and 
h(T,) = 1, then for any block @ E B(T.J, T’ = (IX-~(@), @> is a normal 
subdesign of TI . 
ProoJ From 1.4, T’ is quasi-normal. Since X(T.J = 1, if A is any 
t-set of @‘, every block of TI which contains A must map onto ~3,. This 
means that a-‘(@) has h(T,) elements which contain A, so T’ q TI . 
There are even stronger relations between homomorphisms and quasi- 
normal subdesigns, as will be seen next. 
2. FACTOR DESIGNS OF t-mmms 
PROPOSITION 2.1. Let T be a t-design and suppose T’ 2 T where 
Tl , Tz ,..., T, = T’ are codesigns whose block sets partition B(T). Then 
the pair 
T* = WVdL ,17(T)) 
is a t-design with parameters 
b = s, v = v(T), k = u(T), X = h(T)/h(T’). 
Proof. (fl(TJ)& is cleary a set of s u(T’)-subsets of n(T), which has 
u(T) points. Let A be a t-set of 17(T). A lies in X(T) blocks of T, but each 
such block must lie in a unique codesign Ti . Since each such Tj is a t-design 
and a codesign of T’, each such Tj has h( T’) blocks containing A. Therefore 
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there are h(T)/X(T’) codesigns Tj containing A, i.e., A lies in h(T)/X(T’) 
sets U(TJ. 
The design T* constructed in Proposition 2.1 is called thefactor design 
T/T by the codesigns T, , T, ,.,., T. A quasi-normal subdesign can have 
more than one different set of such codesigns TI ,..., T, , so in general the 
factor design will depend upon the particular choice of codesigns. 
PROPOSITION 2.2. If T* is the factor design TIT’ by the codesigns 
T,), 
F ;> T*, 
then there is a regular block homomorphism (called canonical) 
with kernel {T, ,..., TS}. 
Proof. Since the sets B(T,) partition B(T), each block @ in B(T) 
belongs to exactly one B(T,(&, so the map /3 : @ -+ 17(T,& is well- 
defined and easily seen to be the desired regular block homomorphism. 
THEOREM 2.3. Zf 01 : T+ T* is a regular block homomorphism with 
kernel (Tl ,..., T,}, then for any j(1 < j < s), T* is identical with T/T, 
by the codesigns {Tl ,..., T,}. 
Proof. Let fl be the canonical regular block homomorphism from T 
onto T/Ti constructed in Proposition 2.2. Then it is easily verified that, 
for @E B(T), /3(Q) = LX(@), so, since both /3 and 01 are onto, the blocks 
of T* and T/Ti are identical. By hypothesis the point-sets are identical, 
hence the two designs are the same. 
Thus every regular block homomorphic image of a t-design T is the 
factor design of T by the kernel of the regular block homomorphism, and 
every regular block homomorphism is simply a mapping of blocks onto 
codesign point sets. The set of quasi-normal subdesigns of a t-design thus 
gives complete information about the various regular block homomorphic 
images possible, and conversely. For further information on these two 
sets, we have: 
PROPOSITION 2.4. Zf in. : T 4 T* is a regular block homomorphism, 
then, for any quasi-complete (complete) subdesign Tl of T*, CX-~(T,) = 
(~-YB(T,N> IT(Td) . IS a quasi-complete (complete) subdesign of T with 
h = h(T) . X(TJX(T*). rfTl 2 T* (TX Q T*), then 
a-l(T,) 2 T (n+(T,) 4 T). 
Proof. Consider B(T*) as the point-sets of the codesigns in the kernel 
of 01 (Theorem 2.3). B(T,) is then the point-sets of a subcollection of 
codesigns of the kernel, and B’ = cr-l(B(T,)) is simply the collection of 
blocks in that subcollection of codesigns. Let A be a t-set of II( A then 
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lies on h( T1) blocks of T1, but since a~ is regmar, for each such block CD of 
T1 , a-l(@) has h(T)/h(T*) blocks containing A (Proposition 1.4). The sets 
a-‘(@) (where @ runs over the blocks of Tl containing A) are disjoint, 
hence A lies on X(T) . h(T,)/h(T*) blocks of B’. a-l(T,) is then quasi- 
complete in T. If Tl is complete in T*, then h(T,) = h(T*), so 
h(cl(Tl)) = h(T) and crl(T,) is complete in T. If Tl 2 T*, Tl has a set 
of codesigns {Tl ,..., TJ whose block sets partition B(T*). But then the 
designs {a-l(Tl),...,a-l(T,)) are a set of codesigns of cl(Tl) whose block 
sets partition B(T), hence a-l(T,) ; T. If TX 4 T*, then Tl is complete in 
T*, so from above cl(Tl) is complete in T, hence normal in T. 
3. COMPOSITION SERIES AND EXAMPLES 
These results allow the construction of composition series for t-designs, 
which are helpful in constructions. We say a t-design is simple if it has 
no non-trivial normal subdesigns, strongZy simple if it has no non-trivial 
quasi-normal subdesigns. For any block @ of a t-design T, the t-design 
T’ = ({CD}, @) is, of course, always quasi-normal in T, but T/T’is simply T 
again by direct computation, and so such one-block designs are considered 
trivial. A simple design with X = 1 is strongly simple, also, because a 
quasi-normal subdesign would also have h = 1. 
Given a t-design T, let Tl = T, and for i > 1, define Ti recursively as a 
maximal normal subdesign of TipI , until some T, is simple, so 
T = Tl D T, D ~0. D T,, . 
Proposition 2.4 and the maximality of Tj in Tjwl imply the simplicity of 
T,lTi+l for j = 1, 2, 3 ,..., m - 1. From Proposition 2.1, X(T,/T,+J = 
h(T,)/X(T,+,) = 1, so, from the remark above, Tj/Tj+l is also strongly 
simple. T, is simple by construction, but not necessarily strongly 
simple, so we may continue, letting Tw,+i be a maximal quasi-normal 
subdesign of Tm+,-l for i > 0, until some strongly simple sub-design 
T 11L+9 is constructed, completing a composition series for T: 
T = T, D T, D ... D T, z Tm,, z ... F Tm+q . 
Again Proposition 2.4 and the maximality of T,+i in Tm+i-l can be used, 
here to show directly that Tm+i-l/T,,,,i is strongly simple for i = 1, 2,..., q. 
We have shown 
(1) TJT,,., is strongly simple for 1 < i < m + q - 1, 
(2) T, is a minimal normal and simple subdesign, 
(3) Tnz+cz is a minimal quasi-normal and strongly simple subdesign, 
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(4) X(T,/T,+,) = 1 for 1 < i < 172 - 1, 
(5) 1 < h(Tj/Tj+J 1 h(T) for ??? <j < m + q - 1, 
(6) G-m,,) I  W> 
(7) k(Ti/T,+l) = v( T,+J for 1 < i < m + q - 1. 
These conditions suggest the importance of normal and quasi-normal 
subdesigns and imply that to construct all t-designs with a given k and A, 
it is sufficient: 
(1) to know all simple designs with the given k and A, and all 
simple designs with h = 1 or 
(1’) to construct all strongly simple designs with A’ dividing the 
given A, and 
(2) to be able to solve the extension problem for t-designs, i.e., 
given two t-designs Tl and T2 such that II E B(T,), construct 
all designs T such that TX 2 T and T/T, = T, for some set of 
codesigns of Tl . 
Neither of problems (1) or (1’) has been solved except under very special 
circumstances, but (2) is solved completely by the following generalization 
of a result of Hanani: 
THEOREM 3.1. Let Tl and T, be any two t-designs such 17(T,) E B(T,). 
Then, if B(TJ = {@i}~zl (say U(T,) = Q1), T,’ = Tl and, for each 
i > 1, Ti’ is a t-design with the same parameters v, k, X as Tl , written on 
the points of Qi , then 
T = (B(T,‘) u B(T,‘) u B(T,‘) u ... u B(T,‘), fl(T,)) 
is a t-design such that (a) Tl 2 T, and(b) T/T, by the codesigns {Ti’} is T, . 
Conversely, any t-design T with properties (a) and (b) can be constructed 
in this way. 
Proof. Let A be a t-set of n(T) = 17(T2). A lies on X(T,) blocks of T, , 
and for each such block Qj , A lies on X(T,) blocks of T,‘, each of which is 
a distinct block of T, hence A lies on h(T,) . h(T.J = h(T) blocks of T, 
hence T is a t-design. By construction, {Ti’} is a set of codesigns whose 
block sets partition B(T), hence Tl 2 T. By definition (see Propo- 
sition 2.1), T/T, by the codesigns {Ti’}i&, is ({II(Ti)}~~, ,17(T)). But 
n(T) = 17(T,) by construction, also n(TJ = CDi by construction, hence 
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Conversely, suppose there is a t-design T* such that Tl 2 T* and 
T*/T, = T, . Let p be the canonical regular block homomorphism from 
T* onto T*/T, (Proposition 2.2). Since T*IT, = T, , p maps T* onto T, . 
Let B(T,) = {Qi}% , and set Ti’ = <‘-‘(@J, Qi) (see Proposition 1.4). 
Then the construction of the first part of the argument yields T* again. 
In particular, the problem of “extending” Tl by T, can always be solved 
in at least one way iflT(T,) E B(T,), if only by letting each Ti’ be isomorphic 
to Tl , only written on the points of some other block of T, . On the other 
hand, the Ti’ need not be isomorphic to Tl , but, since each Ti’ is itself 
quasi-normal in the constructed design, this means that the composition 
series for t-designs are not unique. For example, if Ti’ is not isomorphic 
to Tj’ for some i and j, then the design T would have the two non-equivalent 
series 
Tg Tit, T F Tj’. 
The set of composition series is, however, an isomorphic invariant, and 
this fact can be used to distinguish between non-isomorphic t-designs with 
identical parameters. For example, Figure la shows the blocks of a 
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FIGURE I 
2-design D with parameters v = 13, b = 52, r = 12, k = 3, X = 2. The 
blocks on each line of the figure form a subdesign D, with b = v  = 4, 
k = r = 3, h = 2, hence a normal subdesign, since the subdesigns of 
the various lines are all codesigns. The quotient design is shown in 
Figure lb. It is isomorphic to the projective plane of order 3, hence we 
have the composition series for D: 
D D D,, DID, m PG(2, 3). 
(Each of D, , PG(2, 3) is strongly simple.) 
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Figure 2 shows the blocks of another 2-design, D’, with the same param- 
eters. This design is simple, as can be shown in general, but not strongly 
simple, as the blocks in the two columns on the left form a Steiner triple 
system S with parameters b = 26, u = 13, r = 6, h = 1, as do the blocks 
in the two columns on the right. The quotient design is the 2-design T 
with 13 points and two identical blocks consisting of all 13 points each: 
D’ p S, D’jS = T. 
The two designs D and D’ are then clearly non-isomorphic. However, 
the group of automorphisms of D is isomorphic to LF(2, 3), and the group 
of D’ is the Sharply doubly transitive group derived from addition and 
multiplication in GF(13). Thus each design has a doubly transitive 
automorphism group and so existence of a t-ply transitive automorphism 
group does not in general determine uniquely a t-design of given para- 
meters, as it does in the cases where t = 2, X = 1, and v = b. 
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FIGURE 2 
